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Let us begin by reviewing some geometrically-oriented linear algebra,
about which Reese Harvey once tutored me. Fix a positive integer m. The
standard Hermitian inner product on Cm is defined by
〈v, w〉 =
m∑
j=1
vj wj,(1)
where v, w are elements of Cm and vj , wj denote their jth components,
1 ≤ j ≤ m. This expression is complex-linear in v, conjugate-complex-linear
in w, and satisfies
〈w, v〉 = 〈v, w〉.(2)
Of course 〈v, v〉 is the same as |v|2, the square of the standard Euclidean
length of v.
Define (v, w) to be the real part of 〈v, w〉. This is a real inner product on
C
m, which is real linear in both v and w, symmetric in v and w, and such
that (v, v) is also equal to |v|2. This is the same as the standard real inner
product on Cm ≈ R2m.
Now define [v, w] to be the imaginary part of 〈v, w〉. This is a real linear
function in each of v and w, and it is antisymmetric, in the sense that
[w, v] = −[v, w].(3)
Also, [v, w] is nondegenerate, which means that for each nonzero v in Cm
there is a w in Cm such that [v, w] 6= 0. Indeed, one can take w = i v.
Let L be an m-dimensional real-linear subspace of Cm. We say that L is
totally-real if L is transverse to i L, where i L = {i v : v ∈ L}. Transversality
here can be phrased either in terms of L∩ i L = {0}, or in terms of L+ i L =
C
m.
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An extreme version of this occurs when i L is the orthogonal complement
of L. Because we are assuming that L has real dimension m, this is the
same as saying that elements of i L are orthogonal to elements of L. This
is equivalent to saying that [v, w] = 0 for all v, w in L. Such a real m-
dimensional plane is said to be Lagrangian.
As a basic example, Rm is a Lagrangian subspace of Cm. In fact, the
Lagrangian subspaces of Cm can be characterized as images of Rm under
unitary linear transformations on Cm. The images of Rm under special
unitary linear transformations, which is to say unitary transformations with
complex determinant equal to 1, are called special Lagrangian subspaces of
C
m.
Now suppose that M is some kind of submanifold or surface in Cm with
real dimension m. We assume at least that M is a closed subset of Cm
which is equipped with a nonnegative Borel measure µ, in such a way that
M is equal to the support of µ, and the µ-measure of bounded sets are
finite. One might also ask that µ behave well in the sense of a doubling
condition on M , or even Ahlfors-regularity of dimension m. One may wish
to assume that M is reasonably smooth, and anyway we would ask that
M is at least rectifiable, so that µ can be written as the restriction of m-
dimensional Hausdorff measure to M times a density function, and M has
m-dimensional approximate tangent spaces at almost all points.
Let us focus on the case where M is totally real, so that its approximate
tangent planes are totally real, at least almost everywhere. In fact one can
consider quantitative versions of this. Namely, if
dνm = dz1 ∧ dz2 ∧ · · · ∧ dzm(4)
is the standard complex volume form on Cm, then a linear subspace L of Cm
of real dimension m is totally real if and only if the restriction of dνm to L
is nonzero. In any event, the absolute value of the restriction of dνm to L is
equal to a nonnegative real number times the standard positive element of
m-dimensional volume on L, and positive lower bounds on that real number
correspond to quantitative measurements of the extent to which L is totally
real. In the extreme case when L is Lagrangian, this real number is equal to
1. For the surface M , one can consider lower bounds on this real coefficient
at each point, or at least almost everywhere.
From now on let us assume that M is oriented, so that the approximate
tangent planes toM are oriented. This means that reasonably-nice complex-
valued functions on M can be integrated against the restriction of dνm to
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M . One can then define pseudo-accretivity and para-accretivity conditions
for the restriction of dνm to M as in [13], which basically mean that classes
of averages of the restriction of dνm to M have nice lower bounds for their
absolute values compared to the corresponding averages of the absolute value
of the restriction to dνm to m. This takes into account the oscillations of the
restriction of dνm to M .
Note that if M is a smooth submanifold of Cm of real dimension m, then
M is said to be Lagrangian if its tangent spaces are Lagrangian m-planes
at each point. This turns out to be equivalent to saying that M can be
represented locally at each point as the graph of the gradient of a real-valued
smooth function on Rm in an appropriate sense, as in [34]. If the tangent
planes ofM are special Lagrangian, thenM is said to be a special Lagrangian
submanifold. See [18, 19] in connection with these.
It seems to me that there is a fair amount of room here for various in-
teresting things to come up, basically concerning the geometry of M and
aspects of several complex variables on Cm around M . When m = 1, this
would include the Cauchy integral operator applied to functions on a curve
and holomorphic functions on the complement of the curve. In general this
can include questions about functional calculi, as in [8, 9, 13], and ∂ problems
with data of type (0, m), as well as relations between the two.
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